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For any four genes, two at each of two loci, in a population, a 15 component
descent measure has been introduced. These components are the probabilities
of the 15 possible arrangements on a set of initial gametes of those genes of which
the four of interest are copies. Since identity by descent of genes is equivalent
to their being copies of a single gene on an initial gamete, descent measures
have inbreeding coefficients as special cases. The individual descent measure,
defined for four genes on two uniting gametes can be evaluated for any pedigree
by means of an algorithm developed here. If initial gametic frequencies are
specified, descent measures allow genotypic frequencies and disequilibria
functions at one and two loci to be found. The procedures are illustrated for
selfing and for sib mating. Several applications of the descent measures are
discussed.

We are concerned with establishing a set of parameters which will simplify
the development of two-locus genetic models. Any such set should enable us
to describe the joint effects of linkage and inbreeding, provide genotypic
frequencies at two loci, characterize various two-locus disequilibria functions,
and be amenable to straightforward evaluation. Such requirements are met by
the set of descent measures we define and discuss in this paper. We illustrate
their evaluation and use by applying them to selfing and to sib mating.
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Two-Locus DESCENT MEASURES

The general two-locus descent measure X(ab, a'b’) is defined for two genes a,
a’ at one locus and two genes b, ' at a second locus. No restriction is implied
on the total number of allelic states in a population at these two loci. The measure
gives the probabilities of the various arrangements of a, @, b, b’ on gametes in
the initial ancestors or an initial population.

There are 15 ways in which the four genes could have been distributed on
initial gametes, and the probabilities of these 15 events form the components
of the vector X. For any two genes, not necessarily at the same locus, we set

S(wy) =1 if x and y are copies of genes on one initial gamete,

=0 otherwise,
so that the components of X(ab, a’b’) may be written as ,,, X} where

i = 8(aa’), k = 8(ab), m = §(ab’),
j = 8(bd"), 1= 3(a'd"), n = 8(a’'b).

In other words we consider the states of descent of all six pairings of the four
genes. Although six two-valued suffices suggest 64 components, in fact arrange-
ments such as ,X1] are impossible and the 15 components are

;. 11 00 11
X' = (X115 00X11 > 00X00 > 11 00 » 01X10 » 10X o » 10X01 01> 01Xo1 ’

00X10 ’ 00X01 ’ 00 ’ 00 s IOng ’ 01 ’ OOng)

These sum to one since the four genes must fall into one of these states.

The quartets of genes for which a descent measure is defined are identified
principally by the gametes on which they are located, while gametes are specified
either as coming from specific individuals or uniting to form a specific individual
or a specific generation. Since four genes can be carried on two, three, or four
gametes, we are led to define digametic, trigametic, and quadrigametic classes
of measures, accordingly:

F, = X(ab, a'b’ : ab, a'd’ are located on gametes which unite to
form individual 4),

05c = X(ab, a'b’ : ab, a'b’ are located on two gametes from
individuals B and C, respectively),

Ys,cp = X(ab, a'b’ : ab, a', b’ are located on three gametes from
individuals B, C and D, respectively),

8zc.pe = X(ab, a'b’ 1 a, b, &', b’ are located on four gametes from
individuals B, C, D, and E, respectively).
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These definitions must be adhered to rigidly. It is not true, for example, that

sBC.DE = SDE.BC .

SuMMARY MEASURES

It is useful to summarize these measures in various ways and in doing so we
point out several equivalences and the incorporation of inbreeding measures
as well as develop summary notation. The above notation is deliberately similar
to that used for two-locus inbreeding measures (Weir and Cockerham, 1969a)

TABLE I

Two-Gene-Pair and Gene-Pair Marginal Totals

566y = 1 S(Bp)y =0
8aa’) =1 | Fyy = uFui + oFin Fio = uFis + 10Fi0 + ooFio F,
S(aa’ Fyp = an31°+ 01F311+ ooFg'l] Fyp = ooFolol‘}' uF::'l' ooF;:
(aa’) = 0 F,,
+ o0Fo0 + 10Fa0 + 01Foo + ooFoo
F .1 F .0 1
8a’b) = 1 Sa'b’) = 0
8(ab) = 1 | F'' = ,1F5; + ooFay FY = ,Fig + 10Fo; + ooFao F
S(ab) = 0 F" = me; + 01F311 + ooF:; F” = ooFff + qug + ooF:: Fo.
+ ooFor + 10Fo0 + 1Foo + 0oFog
F.l F.ﬂ 1
S(a'd) = 1 Sa’h) = 0
8ab) =1 |uF = 11F11: + qug 1F = 10F3 + mF;: + 1oF:: oI

8(ab’) = 0 alf = 01F11:+ oFor + ozF:: ol = ooF::‘*‘ ooF;;-i" ooF:: F
+ wFor + 00Fa0 + soFo0 + ooFo0

AF oF 1
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which gave joint probabilities of identity by descent at two pairs of homologous
genes, We recognize that identity by descent is equivalent to genes at the same
locus being copies of genes on one initial gamete. The digametic descent
measure F should contain the information implied by the two-locus inbreeding
coefficient as well as by the usual (Wright, 1922) one-locus coefficients.

In Table I are given the two-gene-pair marginal measures as well as the gene-
pair marginal measures for each of the three sets of two-gene-pairs (aa’, bb'),
(ab, a'b"), and (ab’, a’b). In the upper table the four components of the two-locus
inbreeding coefficient are one set of marginal components of F which we now
refer to as the general (two-locus) individual descent measure. The gene-pair
marginals F; and F, are the one-locus inbreeding coefficients for the 4 and B
loci, and Fy, is the marginal two-locus inbreeding coefficient. In the next table
for the individual for which F is defined F'- and F! are the probabilities that
parental gametes are copies of initial parental gametes and FU is the joint
probability for both parental gametes, while in the lower table , F and ,F are
the probabilities that recombinant gametes are copies of initial parental gametes
and ,,F is the joint probability for both recombinant gametes. It seems appro-
priate to refer to F'- and F'! as parental descent coefficients and to ; F and ,F
as recombinant descent coefficients. Then F* and , F are the two-gamete
parental and recombinant descent coefficients, respectively.

The descent arguments involve the same gametic pathways for F; and F,
as well as for ; F and ,F and the equal values for each pair are denoted as F,
and F, respectively. This implies also that F;y = Fy; and o F = ,F. We use F?
to refer to the average (F1: 4- F-1)/2. While F*- and F-* may differ, for our present
or any foreseen purposes the average suffices, and so do the following averages
in some of which some of the measures may not be equal:

0f1o = (0F10 + 10F10 + 10Fo + aFo)/4  woFio = (wF1d + woFen)/2,
ooFgg = ( (}3 + ooFgé)/z) 1 o.i;): (mF.%) + 01F38)/2-

We need, then, to be concerned with only a condensed vector of nine measures,

¢ 11 00 11 (1] 10 00 10 00
F =(11F11’00F11’ 00:11F00)401 10’2 10!200F007210F00’00F88)'

One additional set of summary measures, three-gene, is useful. These are
given in Table II for the three genes (aa’b). Similar measures apply to each of
the four sets of three genes, and we use the average

= GFL 1 FY 4 L F A+ GF /4

It is sometimes convenient to use the following summary measures, actually
only eight since the nine condensed measures sum to one,

F*I =(F;%’F11’F11311F:1F§:F1 aF191F; 1),
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where Fi} = ,Fi7. The linear transforms between F and F* are given in

Appendix A.

TABLE 11

Three-Gene Marginal Totals

(aa’b)
.1F11.. = 01F11: + 11F1111
.oFf.. = 10F$ + ooFff + oong

oF 0 = 10F01: + ooF;; + ooF;::
aFy = 01F:))11 + uF:: + 01F::

oF = ooF:: + ooF:f + MF:; + 10F:))g

AP+ oFL =Fy, AFU 4 oFe =F"

AF1 + JFo = 4F

INITIAL ANCESTORS OR FOUNDER POPULATION

Two types of initial ancestors or populations will be considered. Each is
characterized by gene frequencies p; for alleles a;, g; for alleles b; and gametic
linkage disequilibrium 4;; between genes a; and b; or, alternatively, by gametic
frequencies p;; = p,q; + 4;; . In one case the initial ancestors, say N of them,
take the frequencies expected from randomly uniting a specific set of 2N
gametes, which amounts to averaging over all randomizations of pairings of the
gametes. For the other case the N initial ancestors are assumed to take the
frequencies expected for a random sample from an infinite randomly mating
population, which amounts to averaging over all random samples of N initial
ancestors. The difference between the two cases of initial ancestors will become
clear as we enumerate the initial frequencies, but it can be seen that the results
for the second case are produced by letting the 2V gametes take the frequencies
expected for a random sample from the infinite randomly mating population.

For digametic initial frequencies we use 2% to denote the frequency with
which a random pair of gametes is a;b; for the first gamete and 4,4, for the
second gamete. Since the argument is symmetrical for gametes, #4, = 2} .
For trigametic initial frequencies let ;’” denote for three random gametes
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the frequency with which the first is a;b;, @, is on the second and b; on the
third, and again there is upper-lower symmetry, 2}, = #}' Finally, for four
random gametes we use &), for a specific ordering of @;, &;, a;, b, each on
separate gametes, and there is allelic symmetry 24} = 24l = Z}. All of
these frequencies are for four genes.

We use the convention that an index replaced by a dot implies summation
over that index, e.g.,

k=2 P
4
There are many equivalences among the various sums of #3; , 7, and Z3}]
because adding over genes for any random gamete reduces by one the number
of gametes involved in the frequency. The principal examples are, symmetrical
arguments being omitted,

P =P =P =p,, P =P =py =pa; + 4y,
Po= =2V =P =Y, P =7

We illustrate the difference between the two sets of initial ancestors for %7; .
Let N,; be the number of a,b; gametes, N; the number of a; genes and N ;
the number of b, genes. Now 2N gametes Drov1de N(2N — 1) pairs of gametes,
and for each pair there are two pairings of a with b, each on different gametes,
giving a total of 2N(2N — 1) pairings. There are NiN + pairs of a;

and b; gene different gametes. Thus, the frequency,

=]
,.
=
=
¢
»
¢
[+
-
o
[
P
&
o
4
.
¢
C

P — N, N;— Ny = by 4y
. 2N(2N — 1) b 2N —1"°
N, N Ny
= = Di>» ~F =Di> =P = py =g + 4y,

for an initial set of 2N gametes. Just let N — oo for initial ancestors being
random members from an infinite randomly mating population, and #%; = p,g; .
Examples of the remaining frequencies are listed in Table III for a specific set
of gametes. The first terms (letting N — c0) are those for a random sample of
parents.

A comment on disequilibria is in order. A disequilibrium is the deviation
of a frequency from that based on random association of genes and accounting
for any lower order disequilibria. We shall designate these disequilibria as 2
and index them according to the sum to which they apply. By referring to
Table III we can quickly identify the two-gene disequilibria. For example,
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Py = pipe + D% and Dy = p,;p/(2N — 1). Some other two-gene disequi-
libria are

i p(1—py)
gi._ 2N__1 ’

4;;

i __ . . __
g..—Aia’ @.J IN—1°

To find three-gene disequilibria we account for the two-gene disequilibria

Y = pibsds + 0:Di + ;9% + pDY + DY,

and
i _ Pl +Pdy i
or
P ()
i _ i i
7. = 2N—1 °

Four-gene disequilibria are again the remainders after accounting for the lower
order ones and will be considered in more detail later.

We note that with an initial set of gametes all disequilibria obtain, some due
to finiteness, some due to gametic linkage disequilibria 4’s, and some due to
both. When initial members are a random sample the only disequilibrium is
gametic

9” =4y ;

all other two gene and higher order ones being zero.

GENOTYPIC FREQUENCIES

The expression of genotypic and other frequencies is a function of the descent
measures and the conditions assumed for the initial ancestors. The descent
measures characterize the descension of the genes, at most two at each of two
loci, for an individual or for the population of which it is 2 random member,
taking into account size of the population, mating pattern, and so on. Excluded
are disturbing forces such as mutation and selection.

For frequencies or disequilibria in subsequent generations corresponding
to those for the ancestors we shall replace # by P and 2 by D. Corresponding
equivalences and properties of symmetry remain for P and D.

For an individual under question characterized by the descent measures F
we write the genotypic frequency as PZ for the zygote formed by the union of
male gamete a;b; with female gamete a;b,. For a,, a; and b;, b, not alike in
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state (as implied by the distinct subscripts) we know that four distinct initial
genes are involved and these may have been arranged on two, three, or four
gametes. With probability o,Fgg they were arranged ab; and @b, so that the
genotypic frequency includes the term Z% ,Fot. With probability ,,Foe they
were arranged a5, and a;b; and, consequently, the term 2%, Foo. For the
summary component 2yFa0 = oo Fao0 + ooFe2 the arrangement was a;b; and a;,
and &; on separate gametes with probability ,,Fae and azb; and a; and b; on
separate gametes with probability 4,Fg3 leading to the term 2, F00 (2%, + 25)-
By such arguments we find the frequencies for double homozygotes and single
heterozygotes, as well as double heterozygotes, and display them in Table IV.
To find trigametric frequencies P, , one simply replaces F by v, the appro-
priate trigametic descent measure, in Table IV. Correspondingly, for quadri-
gametic frequencies one uses 8, the quadrigametic descent measures.

DiseqQuiLiBRIUM FUNCTIONS

In order to arrive at disequilibrium functions we first need sums of the
genotypic frequencies, and we use the same convention as for . Any of these
sums may be found by appropriate summations of the terms in Table IV. It is
more enlightening, however, to develop some of them directly.

Summation over all but one index provides the gene frequencies as before,

Pi=p;, Pl =y.

There are three types of gene-pair sums P}, P¥ and P%; each with its counter-
part. For P} the alleles are distinct and, thus, nonidentical by descent with
probability (1 — F;) and

,- ) 2N
Pi=(1—F)Z = (1 —F)pite55—1>

while for P the genes are identical by descent with probability F, and a; with
frequency p; and nonidentical with probability (1 — F,) and a,e; with frequency
P

i i 2N 1
P =Fp,+(1—F)Z;: :P?—}‘P(I_P)(Fl AN -1 2N~1)'

With respect to P¥ the two genes came from an original gamete with probability
F! and two distinct gametes with probability (1 — F%),

2N 1 )

PP =Flp,; 4+ (1 —F) P = pyg, + 4y (Fl 2N—1  2N-—1
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Using the same type of argument for P?; but replacing F* with ,F leads to

i 2N 1
The difference
ij i 2N
P — P = (Fl—lF)Aij'iTv_—l

is provided entirely by the parental and recombinant descent coefficients and
the initial gametic disequilibrium. All finite corrections disappear since all 2
are zero except 9 = 4,; when the initial ancestors are members of an infinite
random mating population.

Before proceeding to three-gene sums we shall consider two-gene disequi-
libria, For alleles these are

Dt = —Fipipp + (1 —F) Dh, Db =Fyp(l — p)) + (1 — Fy) 9%,

which are the usual results for inbreeding. One can obtain any D for homozygotes
from that for heterozygotes in a simple manner. As an example consider the
substitution of 7 for % in D% . Substitute —(1 — p;) for p; , and substitute the
index ¢ for &.

The other two types of two-gene disequilibria are

2N 1

. 2N 1 )
2N —1 2N — 1 '

2N—-1 2N -1

DY = 4, (P ). D% =a,(F

For the remaining sums and disequilibria we shall assume initial ancestors
to be random and avoid the cumbersome finite corrections for a specific set of
gametes. Direct arguments for three-gene sums require the three-gene descent
measures,

Py = (F3 pispr + 1Fe Prsti + oF o Pi 1t
= (1 — F) pitrgs + (F* ~ FD prdy; + GF — 1Fy) pid; »
PP = \F} pis + (oFy + 1F0) pibii + oFs Pigi + oFo P70
= Fypig; + (1 — Fy) pig; + (F +F — 2, F}) pdy; +,F2 4,5 -

The three-gene disequilibrium, after accounting for two-gene disequilibria,
is found to be

Dy = — Fi(p:du; + prdss).
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By performing our substitution rule of —(1 — p;) for py,

Switching & and 7 in D¥ leaves it unchanged, and we have three-gene symmetry

nNis .. DkF MLl dacs nat hald foe tha P'a howoauvar
Uk. —_— U!_ « 41113 UUCS 11UL 11IVIA 1UL LIV 4 Dy LIUVWUYLL,

Py — PY = (F' — \F)(pxdi; — p:idus)s

the difference being due to two-gene disequilibria which are taken into account
in finding the three-gene D’s.

The four-gene frequencies are just those given in Table IV. To find four-gene
disequilibria we account for all lower order ones including two-gene-pair ones
(e-g., Dx.D33)

P{, = pipuas: + Di.Di + DDy, + D'iDj]
+p:Dii + Pt + 6Dk + DK, + 44Dk,
+ p:2eD:1 + pigiDii + p20:DY + 94,0 + piDi. + Dy -
After some tediousness,
Piprgs@ + M udig + 1mdady;

+ Filptidi + prtidis + pigidss + prgida — il — didil},

= Fp — (F)% = F1t — (F), u? = uf — F)"

The term 1,; was called identity disequilibrium by Weir and Cockerham (1969a).
The corresponding measures 7! and ;5 could be called parental and recombi-
nant disequilibria, respectively, all three being descent disequilibrium functions
for two-gene-pair descent measures. By performing our substitution rule,

DY = —nupfl — p2) @sq0 + (/™ + 1m) duda
+ FH[(2p:s — D(gda + q:di5) — 24,544),

DY = —nupitrgl — @) + (M + um) dydys
+ Fi[(29; — 1)(psdes + pudis) — 24445,
DY = ny p(1 — 1) g(1 — @) + (7" + 1m) 4%
+ FRl( — 2p:)(1 — 2¢) — 24,145

653/4/3-5
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To summarize these results we note first that all two-gene disequilibria are
functions of the corresponding two-gene marginal descent measures and three-
gene disequilibria of the three-gene marginal descent measure, while four-gene
disequilibria involve in addition to the four-gene descent measure F]; the three
two-gene-pair descent disequilibria functions. If initial ancestors are random
and in linkage equilibrium, all 4,; = 0, then there is only two-gene allelic
disequilibrium due to F; and four-gene disequilibrium due to the identity
disequilibrium, 7y, . If we include as linkage disequilibrium all those parts
other than that due to identity by descent of alleles, then it is dependent on and
strongly influenced by initial disequilibrium as well as the other descent measures
to be explored.

A few other things should be noted. All D’s sum to zero over any index, e.g.,

YD =0, YDi=0 YDj=0.
j k 7
When there are only two alleles, a; and g, , for example,
pi=1—1p, dy = —4yy, DY = —D¥.

If further, ¢, =1 — ¢, then 4;; = 4,, = —4,, = —4,; with corresponding
equalities among the nonallelic two-gene disequilibria.

While we have been able to express all deviations from random associations
of genes in terms of D’s and relate these to descent measures and initial condi-
tions there are other comparisons often of interest. One is the difference between
double heterozygotes

2Py, — PYly = 2(F" — \F)(dyds — dudys)
+ 2AF* — \FY pig:4x + Px@idi; — P21l — Prida)-

The term (d,;4,;, — 4,4,;) is zero if either locus has only two alleles. The
difference 234 12 (PY — Pil) is actually equivalent to 2(PY — P%) =
2(F' — (F) 4,; and is the result for two alleles at each of the loci.

Of interest also are the deviations of genotypic frequencies from products of
one-locus frequencies or of gametic frequencies or of recombinant frequencies.
These can be found in terms of gene frequencies and D’s and translated into F’s
and 4’s by removing those terms for the marginal products, e.g., Pi P =
(p:px + D% )gsq; 4+ D3). These will be studied in more detail in terms of
examples.

For tri- and quadrigametic disequilibrium functions simply replace F by y
and 8, respectively.
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ALGORITHMS FOR FINDING THE DESCENT MEASURES

Some familiarity and understanding of the descent measures is accomplished
from algorithms for their computation from pedigrees. The procedure for
finding the inbreeding coefficient F; is well known. The procedures for Fy,,
F,,, Fy, , Fy were developed in detail by Weir and Cockerham (1969a). To
this list we wish to add the other descent measures. We work with the summary
components.

The arguments for the parental descent coefficient F* and the recombinant
descent coefficient ,JF* are interrelated, and they must be considered together.
Any F measure for an individual is the same as the 8 measure, called coancestry,
between random gametes from each of the parents by definition. Then, referring
to Fig. 1,

F, = 0pc.
For F ;! the argument is the average of that for each of the gametes, one from B

and one from C. The gamete will be parental with probability (1 + A)/2, where
A is the linkage parameter, in which case the probability of having descended

< LMN

D\B/E C?\C /I—I
\,/

FIiGure 1

from an initial gamete is just F! or Fcl. The gamete will be recombinant with
probability (1 — A)/2 and the appropriate measure is ,Fp or ./ . Consequently,

14X Fj+Ft 1—A Fpgd.F¢
3 2 T3 7 0
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In the case of two random gametes from the same individual

Ops = [(1 + 0)[2]F5 + [(1 — 1)[2]:F5 .

For the recombinant descent coefficient the argument is always for an a gene
on one gamete with a b gene on another gamete and, thus, involves genes from
different ancestors whether recombination has occurred or not;

Fa = 10sc = ¥as6 + 19p1) = 1(Op6 + 10ps + 1056 + 10em) (2
and expands back in the pedigree in the same manner until a common ancestor
becomes involved. For two gametes from the same individual

F} +,Fs
Selve (3)

1938 =

the argument being for two genes on the same gamete half the time and on
different gametes half the time. For expansions of F® and F simply substitute
the index.

For three-gene probabilities we note that three genes, two at one locus and
one at the other locus, may be carried on two or three gametes. We illustrate
the expansion of digametic three-gene measures with F}1, = ;0i¢ . The argu-
ments are symmetrical for any three genes and any two individuals, that is for
an @ and b gene from one individual and an a or b gene from the other with
equal probability.

To keep records straight we let

Fra = 1018 = 3(B15.c + 101c.8)s

where ,0}z ¢ is for a random gamete from B and a random gene (a or b) from C,
and vice versa for ,6ic . Bringing in the parents of the second individual
simply averages the function, that is
1 1 1 1
1018,c = 1018,6m) = $(ib18.¢ + 1018.0)-

The gamete from individual B will be parental and from D or E each with
probability (1 4 A)/4 and recombinant with probability (1 — A)/2.

1013 c = 01(DE) c

= [(1 + N)/4](0ip.c + 10ie.c) + [(1 — N/4)(¥ipc.e + 1viec.n)
= [(1 + 2)/8)(:0ip,6 + 10ip.1 + 101E.6 + 1035.5)
+ [(1 — 2)/8](1¥ipe.z + 1¥ivw.E + 1¥iEc.p + 1ViEH.D)-

The notation for the trigametic three-gene measure yyipc, ¢ implies two genes
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at one locus from D and C and a gene at the other locus from E. Averaging the
expansions for 615 ¢ and (63 5 produces

Wiz = [(1 + A)/81(Finc + 10ipm + 1016 + 10iex)
+ [(1 — )/16)(ap6.£ + 1¥ipu.E + 1i86.0 + 1YiEH.D
+ iep. + 1YicEn + Yikp.6 + 1ViHE.G)- @

Such expansions are continued until common ancestry is encountered,

10385 = [(1 + N)/4IFp + 3 (Fis + [(1 — )[4, F5. (5)
The argument is simpler for the trigametic three-gene measure ipr ¢ -
As above, bringing in the parents of each individual just averages the function
ipE.G = ikpE.c = ¥a¥ike.c + 17iLE.6)
= H¥iem,¢ + ikw.6 + iem.6 + 17iiw.)

and the parents of G may also be brought in. Expansions involving common
ancestors are given in Appendix B.

For the three two-gene-pair and four-gene identity measures, the expansions
follow the same pattern as those given by Weir and Cockerham (19692) for F,
until common ancestry becomes involved. We now need to consider digametic,
trigametic, and quadrigametic cases. Taking account of the parents of B and C

F3 = 85 = O3tem = [(1 + /41636 + 058) + [(1 — /4 (v5'ex + ¥iuo)
= [(1 + )‘)2/ 16](0DG + 6% EG + 6 DH }91
+ (1 - )‘2)/8]( p.68 T 7, GH + 7 ED + Vg,ﬁ)

+ [(1 — N)¥16](85,61 + 8Fp,6n + 8B5,n6 + S¥b,16), (6)

where ¥} 55 = (¥b.ca + ¥b.ug)/2- Taking account of the parents of D and E

¥b.ec = Yikn.ee = [(1 + N/A(yEec + vE56) + [(1 — )/4ERe. 26 + 8% x6)
= [(1 + X)/8)(yE mc + v&ne + YI'mc + YEnG)
+ [(1 — A)/8)(8%x. se + ¥r.ne + 8%k, Mo + 81k, no),
8Be.cn = Stknr.ca = H¥e,on + 8%k.on)
= }(8¥s.on + 8Xn.on + 8Tar.on + STn.on),

and the parents of G and H may also be brought in.
While these three general expansions have been written for the two-gene-pair
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component X! of each measure, they also apply to the other two-gene-pair
and the four-gene identity measures. Each X! is simply replaced by X;;, 13X,
or Xi1 . The notational ordering of the genes as pointed out in the introduction
must be adhered to strictly. The connection between the joint parental and
recombinant quadrigametic descent measures is 1,8 p.cz = SpE. g -

Measures involving common ancestors require special attention. We give
them for 0zp here and list the remainder in Appendix B.

= L gy Lo, U2 o I,
Oram = 2 (1 Fuag) + 5 Fo o
O3 = —@—JQ&Z—(F}B + ) + - 5 T Pt Ag_)i F5 + 2F5)
nfes = (1——2‘&2‘(17113 + ufs) + _I—_ZilFiB + —'(i—g o (Fs + F5).

With these algorithms, and given the measures among the initial ancestors,
one can compute the various measures for any pedigree. For most purposes
the initial measure will be taken to be yFgg = 1.

For individuals of populations that go to fixation we note the limiting values
of the measures,

1
Fioy=Fuw =1,  Floy =:1F@ = F&) = nF = Fie = Fii) -
The key to the final results is then Fy,, .
If linkage is complete, A = 1, then F},, =F};, = 1 and the other measures

are the same as the one-locus inbreeding coefficient,

11 1}
Fiw = 1Fie = uf o = Fuw = Fo = Fie -

ExAMPLES OF SELFING AND SiB MATING

Self-fertilization provides the simplest illustrations of the use of the measures.
We begin in the zero generation with g Fg; = 1. Some F’s remain zero. Since
all four genes at any time must trace to genes on two original gametes, the tri-
and quadrigametic components of F are zero in all generations,

o 33=200F{’(‘,’:200F(}3=210F33=J'§=0.
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Applying the algorithms the usual results are obtained for the identity by
descent measures (t =0, 1, 2,... indexes generations)

Fipy =1—(3),
Fue =1-—2(3) + (1 + 2%)/4)%,
e = (1 + 22)/4) — (3).

The other two-gene descent measures must be considered jointly:
Flon = 0y = [(1 +N2JFt + (1 — M2 Fa,
Fon =100 = 3Fp + 1.F0 -

Solving these two equations and noting that Fiy, = 1, ,Fg) =0

Fio = ﬁ“ + (%)t%z%’ iFo = —21—)\ = (%)t]-

From these all other measures may be found directly
Fi=F,+F—-F, F=F,+,F—F,
F}} = (Fy +F! +F — 1)2.
The genotypic frequencies are summarized next for random ancestors,
P} = pulFuy + Fio(pi+ 9)) + Foo Pl — wF2 445,
2 Pij = 2 F g pispar + Fuol@upis + 4:Par),
2 P = 2 ooF3s buspus + 2 11Fon pirPis »

and the final frequencies are

i 1
Piiw) = Pi; +F%oo) 44, F%oo) = R

We may also argue from an initial individual 233 = 1 or a specific pair of
gametes with gene frequencies of } and 4y, =4y = —4,, = —4,, =}
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We simply note that homozygotes fall into parental and nonparental classes
so that

Pl = Piw = $ Fiiw
—slmr = 5) Q) )]
Po = Phiw = $oFlio
—sl=r = (5 - @) 355

2 PEo = wfo (t)_%[(1+/\2)t+(
1
2

4
2P;12(t) = lngg(t) = [( ! _:AZ )t - (‘g—)t s

2P0 = ufito =2 [(5) — (25 |

the latter one being the same for all four single homozygotes.
We illustrate in terms of gametic linkage disequilibrium the difference in
results for the two types of initial ancestor. For random ancestors

Diy =Fipdy = ﬁ [1 +(1 =2 (%‘)t] 4, Dl = ZA_” 3

while for an initial pair of gametes,

D = | ziA + 2(21__;) (3)]4s, DY = i 4y

(Wright, 1933). The difference is due to the linkage disequilibrium among final
subpopulations from different initial founders. For random parents one-half
of the original disequilibrium is fixed even with free recombination.

The mating scheme for sib mating is shown in Fig. 2. The algorithms are
used to determine the summary components of the general descent measure
Fy, in the fth generation.

Starting with the two-gene summary components, it is well known that

Figr9 = 2 + 3Py +1Fiw,  Fro =Fip = 0.
From Eq. (1)

Florn = [(1 4+ 221F G + (1 — V21 F e »
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Generation

i
/

C el

A t+2
Ficure 2

while from Eq. (2) by identifying the parents of C with those of B

1FA = i(lom) + 19pe + 10ep + 1aEE) = %(1000 + 1FB)7

since both members of each generation are equally inbred. Substituting the
value of 16,5 from Eq. (3)

Fa=3Fs +(Fp +:Fp)2) or Fun = 3:1Fn +31.Fo+1F0 -

Separate equations for the parental and recombinant descent coefficients can
now be found

Flig =14+ Q2)Fim + WAFLH, Fo=1, Fi=(1+X)2
Fern = 2 + Q20 F ey + W4 Fq , Fo = Fo =0.

The three-gene component \Fy! requires knowledge of three other three-gene
measures. From Eq. (4)

Fra = [(1 + N/41(Fis + 16100) + [(1 — )/4](:¥ipp.£ + 1¥iDE.D)>

which leads us to introduce the notation

1 _ _ 1 _ . _ .1
IQI(H-I) = 16%1)9 = 10135 s 1Ryt = 1pp,E = 1Y1EE.D 5

1 1 R |
1S1(t+1) = 1Y1DE,p — 1Y1ED,E>»
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so that

1F%(t+2) = [(1 =+ )‘)/4](1F}(t+1) + 1Qi(t+1)) + [(l - ’\)/4](1Ri(t+1) =+ 18}(t+1))-

The transition equation for ;Q%(, follows from Eq. (5) and those for Ry,
and S}, from Appendix B. They are listed in Appendix C. While two-gene
summary components were expressed in terms of two-gene components only,
three-gene transition equations require three-gene and two-gene components.
The methods for determining F,,(, are given in Weir and Cockerham (1969a)
and the details in Cockerham and Weir (1968). The remaining three summary
components are written as F(,, = (Fiiy , Fis , nF(») and from Eq. (6)

F o= [(1 4+ A2/8)(F, +0,p) + [(1 — A2, 5z
+ [(1 - )‘)Z/SJ(SDEDE + SD}E‘,ED)’

which, after defining

Quy = 9DD = Oz Ry = Vo058 = Ve,55°
S(t+1) == Yp EE = YE, DD W(t+1) = SDD.EE = SEE,DD 3
Trp = ¥Ope,pE + 80E.£0) = ¥8Ep,20 + 82D, DE),

is written as

Fapo = [(1 + M¥8](Fsn + Quesn) + [(1 — 2)/2] Ry + [(1 — V4] Tr -

The equation for Q) follows from Egs. (7), and those for R, S, T, and W from
Appendix B. They are all listed in Appendix C. Four-gene measure transitions
involve two-, three-, and four-gene measures.

For the initial values o,Fas@ = 1 the values of the measures introduced into
the transition equations are given in Appendix D for ¢ == 1, and the values of
F* are given in Appendix E for the first three generations. The progress towards
equilibrium is indicated, for A = 0.0, 0.5, 0.9, 1, in Fig. 3.

From the final value, F(,, = 1/(4 — 3)), the final linkage disequilibria for
random pairs of initial ancestors are found to be

" A..
(7] . i
D..(OD) - 4 . 3A ’

and the final genotypic frequencies are

y ; 4y
Piiw) = Plw) = pigi + 4 _J3A )
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10 F,
08 F,
0.6

04|F’
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Generation

o] 5 10 15 20 [o] 5 10 15 20
Generation Generation

Fic. 3. Sib mating summary measures for A = 0.0, 0.5, 0.9, 1.0.

However, for four specific initial gametes, 2%; = —4,;/3 and

y Ad.
22 . 2
D o) = 4 — 3) 4
there being no linkage disequilibrium with free recombination. Thus, for the
two initial genotypes #; X Zi , the final population is

i 1 g __1—2A ,7=12,3,4
W) TR — 3 R VR

If instead the initial pair were double homozygotes 21} X Z2 the final popula-
tion would be

Pl = Piiw) = 2 — D24 —3Y) Pl = Pl = (1 — D)/(4 — 33)

as given by Haldane and Waddington (1931).
These final results do not depend on the constitution of the initial population
other than a fixed set of gametes which is demonstrated in Appendix F.
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DiscussioNn

To aid the development of two-locus genetic models we have defined a
two-locus descent measure. For any four genes, two at each of two loci, the
measure gives the probabilities of the possible arrangements of the genes of
which these four are copies on a set of initial gametes. For an individual the
descent measure is defined for four genes on two uniting gametes. It is the
argument back to initial gametes which is the key to the whole development,
and which points out the departure from other procedures (e.g. Kimura, 1963).
When two genes at the same locus are copies of genes on one initital gamete,
they are identical by descent so that the introduction of two-locus descent
measures serves to extend the one-locus work of Malécot (1948) and the two-
locus work of Haldane (1949) and Schnell (1961). It subsumes our earlier work
(Cockerham and Weir, 1968; Weir and Cockerham, 1969a,b). Descent measures
are defined as probabilities and simple probability arguments are used through-
out.

While there are 15 possible arrangements of the antecedents of four genes,
it was shown that there are nine distinct valued components of individual
descent measures. Individual measures are digametic, and use is made of
trigametic and quadrigametic measures.

The major use of individual descent measures is in the expression of genotypic
frequencies. For systems other than random mating, the traditional approach
has been to use mating type frequencies to find two-locus genotypic frequencies
(e.g. Haldane and Waddington, 1931). This approach quickly becomes cumber-
some as the number of alleles per locus increases and the degree of inbreeding
decreases. Once descent measures have been evaluated for a pedigree, the struc-
ture of any generation can be related to that of an initial population. In particular
the frequencies of various pairs of uniting gametes can, by use of individual
descent measures, be expressed in terms of initial gametic frequencies. With
the nine distinct components of the individual descent measure, all mn(mn 4 1)/2
genotypic frequencies for m and n alleles, respectively, at two loci can be
expressed in terms of mn gametic frequencies. In this work we have assumed
that either the frequencies of initial gametes are specified or that they are drawn
from an infinite random mating population of known composition. Genotypic
frequencies in later generations can then be given as functions of descent mea-
sures which are specified by the pedigree.

With genotypic frequencies known, it is a simple matter to find disequilibria
functions. In general these functions are viewed as departures of joint proba-
bilities of events from those expected when events are independent. A complete
listing of disequilibria is given. For example, such quantities as linkage dis-
equilibrium, difference between coupling and repulsion double heterozygote
frequencies, and deviations of two-locus genotypic frequencies from products
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of corresponding one-locus or gametic frequencies may be expressed explicitly
in terms of descent measures and initial gametic frequencies. It is then possible
to give precise expressions for the dependence of events at two loci and discuss
for example the interaction of linkage and inbreeding or the presence of dis-
turbing forces such as selection in populations of known pedigree.

The evaluation of descent measures follows a well defined algorithm. It was
found to be simpler to work with eight summary components of the components
of the individual descent measure. T'wo of these were the one- and two-locus
inbreeding coefficients. Evaluation of the latter has been completely documented
(Weir and Cockerham, 1969a,b) and need not be considered further. Among
the remaining components there are three classes: two are digenic (parental
and recombinant descent coefficients, respectively), one trigenic, and three
quadrigenic. All are digametic. Each class is evaluated separately and complete
details for obtaining transition equations between successive generations are
given. Trigametic and quadrigametic measures need to be used in these transi-
tion equations, all of which are linear and in a convenient form for computer
work. They appear simpler than those resulting from the work of Narain
(1966).

The use of descent measures was illustrated for selfing and for sib mating,
Selfing at two loci has been studied extensively (e.g. Wright, 1933 and Narain,
1965) and we were able to duplicate known results. Previous results for sib
mating (see Cockerham and Weir, 1968 for review) have been limited mainly
to discussions of equilibrium populations for two alleles per locus. To find the
individual descent measure we needed 30 linear one-step transition equations
each involving two, four or six variables. We stress that once the descent measure
is found, genotypic frequencies for any number of alleles per locus follow.
Graphs of the summary components of the inbreeding measure were displayed
in Fig. 3. Sib mating populations have substantially reached inbreeding equilib-~
rium by the twentieth generation. Initial equality of F, and ,F indicates that
two nongametic genes, whether or not at the same locus, are equally likely to
have arisen from one initial gamete. As linkage decreases these values diverge
further. The point of intersection of F; and F! indicates the time at which genes
at the same locus and genes on the same gamete are equally likely to have arisen
from one initial gamete. This point becomes later in time as linkage increases.
Until A = £ there is greater ultimate probability that four uniting genes arose
from two than one initial gamete. For A greater than £ the situation is reversed.

It should be clear by now that the effects of linkage with inbreeding are of
two varieties: recombination between the genes and linkage disequilibrium.
The effects of the linkage parameter are entirely on the descent measures
which in conjunction with the initial linkage disequilibrium and gene frequencies
determine the genotypic frequencies. With no initial linkage disequilibrium
only the one- and two-locus inbreeding coeflicients are required. The result is
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a transient one and is to increase the frequencies of double heterozygotes and
double homozygotes by an amount proportional to the identity disequilibrium
and to lower the frequencies of single heterozygotes correspondingly. It is
transient because the identity disequilibrium goes to zero with fixation.

The principal effects of linkage disequilibrium can be abstracted out in terms
of gametic linkage disequilibrium; this being what has been generally studied
in the past. This disequilibrium is given entirely by F* and the initial disequilib-
rium. The parental descent measure is the important counterpart for two
nonalleles on the same gamete of the inbreeding coefficient for two alleles, and
the parental descent measure alone in addition to F(,) = Fj;(0) = 1 is required
for final population frequencies. The other important counterpart for nonalleles
is the recombinant descent measure. The two together provide all of the informa-
tion on gametic linkage disequilibrium within and among subpopulations. That
within subpopulations is

DY = DY — Dij = (F1— F) 4,

for a random sample of founders and D¥ = (F* — ,F)4,2N/(2N — 1) for
a specific initial set of gametes, and in each case goes to zero with fixation,
Fi,) = 1F(») . We shall use "’s in this comparative discussion to distinguish
specific sets of gametes. When specific sets of gametes are considered to be
a random sample from the infinite randomly mating population &4,; —
442N — 1))2N and D% = £DY (& denotes expectation or average over
random samples).

The final gametic linkage disequilibrium is the total linkage disequilibrium
among subpopulations at fixation. It is D¥ () = F,,d,; for the random founders
and DY, = [Fi,2NJ(2N — 1) — 12N — 1)] 4; for the specific set of
gametes.

It was necessary to introduce the idea of averaging over randomizations of the
initial set of gametes to arrive at transient frequencies and without employing
additional descent measures such as Fi,, and F},, in Appendix F. However,
the results in Appendix F suggest that for any pedigree system of mating the
final frequencies are the same for all randomizations or sets of initial parents
for a specific set of initial gametes.

If we consider initial sets of parents to be random samples from the infinite
randomly mating population, then we can decompose the total final linkage
disequilibrium, D%, , into that, §D¥, = (F.,! — 1/2N)4,;, among final
subpopulations from the same initial ancestors and the remainder,
Dy — D%,y = 4,;/2N, among final subpopulations from different initial
ancestors. The latter is, of course, just the covariance of the genes in a sample
of 2N gametes.
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To illustrate also the connection between the two initial populations for
frequencies, consider

2N 1 .
2N—1 2N —1 ]A“"

Pff:ﬁi"j-ﬁ—(Fl

If the initial gametes are a random sample then &p.4; = p,q; + 4,;/2N so that
&PV = PY = p,q, + F'4,; . While we have treated the two sets of founder
conditions separately, one can always produce the results for a random sample
of parents from those for a specific set of initial gametes by letting the set of
gametes be a random sample from the parent population.

Fixation probabilities or frequencies are given simply by P¥(,) or P¥,, .

Since we can express genotypic frequencies in terms of F* and the initial
frequencies, we can, of course, apply these to a quantitative model of gene
effects for two loci to produce means and variances. Thus, we can quantify
the effects of inbreeding and linkage on inbreeding depression and on the genetic
variance among individuals.

We have concentrated on the digametic descent measures F* and have
mainly employed the trigametic y* and quadrigametic 8* ones in the general
algorithm. They, of course, provide important information. One application
is in the determination of the variance of linkage disequilibrium. Other applica-
tions are to be explored.

Also, we have concentrated on the F* measures as they apply to the descension
of neutral genes. It should be apparent, however, that these measures in con-
junction with gene frequencies form a model for the decomposition of an
arbitrary set of genotypic frequencies into various marginal and joint frequencies
in terms of correlation and higher order parameters. For example, in the analysis
of alleles the inbreeding coefficient is defined and utilized as the correlation of
alleles within individuals, whatever are the causes of the correlation. Similarly,
F1 and JF may be adapted to serve as correlations of pairs of nonalleles. The
other parameters are higher moment ones, three-gene, two-gene-pair, and
four-gene. All together they provide a parametric model for the analysis of data
on genotypic frequencies. Alternatively, the disequilibria functions may have
certain advantages as a model. A complete analysis requires a complete classifica-
tion of double heterozygotes, but this is a problem regardless of the model.

APPENDIX A

The relation between the condensed set of general measures,

F =(Fﬁ’ODF‘1n1))00F£’lngga401F}g,200F£3’200F(1)g’210F$’Fgg)7
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and the set of summary measures,

F* = (Fllll’Fll)Fu)llF’lFll’Fl ’FI)IF) 1)!
is F* = ZF or F = Z-1F*, where

(1 0000000 0O
1 10000000
101000000
100100000
Z=|1000 30000
110013131000
10101103100
1001300430
111111111
1 0 0 0 0 0 0 0 O
—1 1 0 0 0 0 0 0 O
-1 01 0 0 0 0 0 O
~1 0 0 1 0 0 0 0 O
Zi=|—-4 0 0 0 4 0 0 0 O
4-2 0 0—-4 2 0 0 O
4 0-2 0-4 0 2 0 O
4 0 0-2—-4 0 0 2 O
-6 1 1 1 8-2-2-2 1
ArpPENDIX B

Expansions of Measures Involving Common Ancestors

We write the parents of individuals B, C, D, etc. as B;, C;, D,, etc.
@, j, k =1, 2), respectively. A subscript, such as 7, in a measure implies that
the measure is to be written for every value of the subscript. For example
(primes denote distinct values of the same subscript)

VBB;..C; = VByBy.Cy + VB;B,.C, + VB,B,.Cy + VB;3B,.Cy ¢

There are three trigametic three-gene identity measures with common ancestors,

1 1 1
1Y1BC.B — %(1013,-63 + 1')’13,0,,3‘,)»
1 1
1Y1BB.C — %(10350,- + 1715;3‘,.0,-)’

1')’1133.3 == i(Fll; + 1FB) + %1Fi3 .



TWO-LOCUS DESCENT MEASURES 327
We have already (Weir and Cockerham, 1969a) given an algorithm for finding

X, (and, hence, X;,) for the common ancestor cases. For the other two two-
gene-pair and four-gene identity measures we introduce the notation

Xﬁ 1 1 00 1 00
X=] Xxn U= |1 I=10 1 0 V=1]0 01
1X 1 0 01 010
and list the expansions for common ancestors
Fp5e = [(L+ N16YU, b5 ¢, +1752)
+ [(1 - )‘)/16](V‘73‘,B_“——c’ + Ul Y}B‘CI,B‘,),
78.cc = [(1 + N)/16)(I 8p,c, +- I73,c,c;)
+ [(1 — N/16)I ¥¢c, 55, + 1 83,8,.,C,C; )

78.88 = [(1 + N/SUF} + 1 Fp) + U \Fip + [(1 — N)[8}(U 1F5 + V Fyp),
8sc.o8 = (1/16)(V 75,.0,c, + I 88,p,.5,.c,)>

8ca,a0 = (1/16)V ¥3,.¢,0, + 1 8c,,.5,.0,),

8sc,e0 = (1/ 16)(0'1‘)’}0,»,,.1;,I 41 S&C,,B‘,Dk),

8cp,ps = (1/16)Y(U 1‘}’§c,uk,3,. +1 Sc,n,,p,cs,,),

8sz.c0 = (1/16)I 73,.c,0, + I 8,8,..c;p.)

8cp,pz = (1/16)(I 73,.c,p, + I8¢,p,.5,8,)

8ac.ce = (116)(V Os,c, + V ¥5,.c,c;, + V Fc,8.8, + I8s5,.c.c,)
8sc.c = (1/16)(U 10p,c, + U 1¥in,5,..c, + U wic,c,.n; +183,c,8,.0,)
8sm.cc = (116)I Os,c, + I ¥3,.c,c,, + I Ve, m8, +1888,.ci00)
Sss.5c = (1/16)(U s3p,c, + I + V)¥5,8,.c, + U 1V1B:Cy.By )
8sm.c8 = (1/16)(U y¥ip,c, + L + V) 75,08, + U 1V1B.Cy. By )
828,88 = (U F} -+ I Fg) + 3U Fis + YU F + V Fp).

653/4/3-6
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AppenDIX C

Sib Mating Transition Equations
The four three-gene identity measures required are related by the equations,
IF%(HI) = [(1+ )‘)/4](1F11(t) + 1Qll(t)) + 1 - )‘)/4](1Ri(t) + 1Si(t))»
Qs = [(1+V/AIF + §1F10 + [(1 — M4 Fo ,
Rl = 16Fo +100) + 1180,
1St = HeFiw +1Q10 + 1Riw +1510):

The six sets of two-gene-pair and four-gene identity measures required are
related by the equations,

Fiip = [(1 + V¥8U(Fy + Q) + [(1 — )2 Ry + [(1 — AP/4U Ty,
Oirn = [(1 + ABIUFY +IF ) + [(1 — 22)[2]U Fi
+ [(1 — 28U Fy + V Fiy),
Ry = [(1 + NBIUGFIw +1Q10) + [(1 + D/BU(Rw + Sw)
+ [(1 — N/BIUGRLw + 1S1w) + [(1 — D)8V (R + Sew),
Seen = [(1 +N/BUF W + Q) + 3 Ry + [(1 — VAU Ty,
T = (1/16) UGF ) + Q) + (1/16) V(Fy + Q) + (1/4) V Ry
+ 31U S0 + H(Twy + W),
Wi = HFw +0w) +H Ry +H T,

where V and U were defined in Appendix B.

AprpENDIX D

Initial Values (t = 1) of Measures Required in Evaluation of F* for Sib Mating
Three-Gene Measures

Qo =0 +M4 Rp=0 Sin=0
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Two-Gene-Pair and Four-Gene Measures

) (1+ 228 0 0
Ow = [(1 + A)%/4 Ry = [0] Sq) = [(1 + /\)/4]
(1 + 22)/4 0 0

L 0
Ty = [O} Wo = [i]
3 0

APPENDIX E

Values in First Three Generations of Inbreeding Measures F* for Sib Mating

t=1 t=2 t=3
F4 0 (1 + A)4/64 (1/512)(18 + 34X + 57X% + 44a2
+ 28X¢ -+ 10M5 4 )8)
Fy, 0 (2 + 322 4+ 203 + M9)/32  (1/256)(36 + 16A2 4 22)3 - 17A

+ 425 1 X9)
Fuo (1 4 A2/4 (1 4+ X)Y16 (1/256)(18 -+ 34A -+ 71A% + 62A°
+ 4822 - 20X% - 3X9)
ulf 0 (2 4 322 + 2A% 4+ A%)/32  (1/256)(18 + 18X 4 15A% 4- 163
4+ 192 - 8A5 4 2A8)
o 0 (1 + A)?%/16 (1/64)(6 + TA + 8A% 4 3)3)
F, 0 % 3
F1 (14 X))2 (1 4+ A)%4 H2 4 2) 4+ 322 + 29)
F 0 i 2+38
ArpenpIX F

Final Recombinant Gametic Frequencies from a Fixed Set of Initial Gametes with
Stb Mating

A gamete received by an individual in generation ¢ has three possible origins.
With probability Fj, it carries genes which were on one initial gamete. It
carries genes which were on two different gametes in one initial parent with
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probability Fi,, , and with probability F3,, it carries two genes from gametes
in two different parents. They sum to one, Fj;, + Fr,, + Fpy =1, and each
satisfies the recurrence relation

Floa = [2 + M21Flan — M4 Flon — WA F;

Their initial values differ (Fjg, =1, Fao ==Fpoy =0; Fy, = (1 + )2,
Fly) = (1 — X)/2, Fya, = 0) and lead to the following solutions for A 5 0:

L1 1—2a B o ,
Fo = Y)Y + @ =30, — 1) {A=2A+43r)r, — (1 —A+3r)r3},
. 1—2 1—\ t t
Foy = 4 — 3\ + @ =30, — r5) {Q—r)r— (1 —7g) 73},

1 21— 1—2A ¢ ¢
Fb(t) T 43\ - (4—3A)(7’1—-—72) {(2—A+2r1)rl—(2_A+2r2)72}’

where 7, = }(A + (M@ + )W), 73 = (A — (M4 + A))/3). For A = 0;
Fiy =FLy =1, Fyyy = % for £ > 2. There are twice as many (8) gametes in
the class for F,! as for F,! so that all recombinant gametes have the same final
frequency. The two classes of recombinant gametes do differ in frequencies in
the early stages of descension.
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